ABSTRACT In this paper, the analytical model of a permanent magnet (PM) linear eddy current brake is presented with consideration of transverse edge effects. The transverse edge effects can be divided into static and dynamic effects. The static transverse edge effect is caused by the diffusion of the magnetic flux in the core edge, and the dynamic transverse edge effect is caused by the paths of the eddy currents in the conductor plate. First, the structure and working principle of the eddy current brake are described. Next, the static air gap magnetic flux of the eddy current brake with the static transverse edge effect is analyzed using a multilayer analysis model and conformal mapping method. The braking force of the eddy current brake is then calculated while taking the dynamic transverse edge effect into consideration. Finally, the validity of the analytical model is verified by 3D finite element method (FEM).
I. INTRODUCTION
An eddy current brake is an electromagnetic device that produces a braking force based on the Faraday law of electromagnetic induction and the Lorentz force formula. Compared with conventional braking devices, eddy current brakes have the advantages of no mechanical contact, high-force density, a simple device structure and high reliability [1] - [3] . Therefore, eddy current brakes have been found in many applications, such as vibration suppression, high speed train braking systems, and transmission system [4] - [7] .
The magnetic field and braking force of the eddy current brakes can be calculated using numerical or analytical methods. However, the numerical method is relatively time-consuming, especially the 3D-FEM analysis and the dependence on design parameters is inexplicit [8] - [10] . The analytical method is less time-consuming and the dependence on the design parameters is explicit [11] , [12] ; however, the accuracy is relatively low [13] - [15] . Therefore, the The associate editor coordinating the review of this manuscript and approving it for publication was Bora Onat.
analytical method is often used for the preliminary design of eddy current brakes.
Analysis and research of eddy current brakes using the analytical methods described earlier can be found in the literature. Gay and Ehsani [16] developed the analytical model of axial PM eddy current brakes based on the layer model method, and the accuracy was verified by the FEM and experimental testing. However, they assumed that the magnetic vector potential in the analytical model is invariant in the radial direction from the inner radius to the outer radius. Specifically, both static and dynamic transverse edge effects are neglected. Similar assumptions have been made in other work to model radial or linear eddy current brakes [4] , [17] , [18] . With the exception of the layer model method, the magnetic equivalent circuit (MEC) method and the subdomain model method are often used in the modeling of eddy current brakes. Mohammadi et al. [19] and Dai et al. [6] developed the analytical model for eddy current brakes based on the MEC and the subdomain method, respectively. In their research, the eddy current paths are considered equivalent by the Russell-Norsworthy factor (it can be assumed that the dynamic end effect is considered indirectly) instead of directly solving the eddy current distribution in the conductor plate. These same assumptions can be found in other research [20] - [25] .
A literature review has not yielded any prior work that analytically calculates the eddy current distribution of eddy current brakes while considering transverse edge effects. As the name implies, the eddy currents in the conductor have significant impacts on the performance of eddy current brakes. If the eddy current distribution in the conductor can be calculated analytically, it may provide an additional physical insight into eddy current brakes.
In this paper, the analytical model of a PM linear eddy current brake is provided. The structure and working principle of the eddy current brakes are explained in section II. In section III, the air gap flux density is calculated while taking into account the static transverse edge effect by using a multilayer analysis model and conformal mapping method. Rather than using a correction factor, the braking force and eddy current paths in the conductor plate are calculated directly, with consideration for the dynamic transverse edge effect, as described in section IV. Finally, the accuracy of the proposed analytical model is verified by the 3D FEM in section V. 
II. STRUCTURE OF PM EDDY CURRENT BRAKE
The double-sided PM linear eddy current brake presented in this paper includes the primary and secondary, as shown in Fig. 1 . The primary is composed of PMs with alternating polarity (vertically magnetized) and core located on either side of the secondary. The secondary of the eddy current brake is composed of a conductor plate only.
When the PMs and the secondary conductor plate of the eddy current brake move relative to each other, eddy currents will develop in the conductor based on the law of electromagnetic induction, and a braking force will be produced by the interaction of the eddy currents and the primary magnetic field.
The eddy current brake presented in this paper can be used in the test platform of linear motors as a loading device. By adjusting the braking force (by changing the air gap with a mechanism) of the eddy current brake, the loading force to the linear motors can be controlled continuously to test the performance of the linear motors. Performance factors can include peak force, continuous force, etc. Compared with other brakes (such as magneto-rheological brakes and mechanical brakes), eddy current brakes have the following advantages [26] : 1) A simple device structure, relatively easy to model and high force density; 2) No mechanical contact between the primary and the secondary, low noise and high reliability; 3) In principle, fluctuation of the braking force is eliminated.
III. STATIC AIR GAP MAGNETIC FIELD ANALYSIS
In this section, the static air gap magnetic field (the air gap magnetic field when the relative speed between the primary and secondary is zero) is analyzed.
A. MULTI-LAYERS ANALYSIS
To analyze the static magnetic field of the PM eddy current brake, the following assumptions are made:
1) The structure of the eddy current brake in the x-direction and z-direction are considered to be infinite. 2) Saturation of the core is neglected.
3) The properties of all of the materials used in the eddy current brake are isotropic. Based on the above assumptions and symmetry, the eddy current brake can be divided into 4 regions, as shown in Fig. 2 . In the multilayer analysis model: Region 1: primary core. Region 2: PMs Region 3: air gap. Region 4: conductor plate. In the static state, there are no eddy currents in the conductor plate, and it is assumed that the conductor plate is made of copper that has approximately the same magnetic permeability as air. Therefore, region 4 (conductor plate) can be merged into region 3 (air gap).
Based on the Maxwell equations, the governing equations of the different regions are provided.
Region 1:
Because there is no relative motion between the primary core and PMs, there are no eddy currents in the primary core. Therefore, the governing equation is:
where A is the magnetic vector potential.
Region 2:
In the PM region, the magnetic flux density and the magnetic vector potential satisfy the following equations:
where B r (x) is the remanence of PMs that have a rectangular waveform along the x-direction. B r is the amplitude of the remanence, τ is the pole pitch, n is the harmonic order, and B rn is the harmonic amplitude. Region 3: Similar to the primary core, the governing equation is:
To simplify the problem, we can assume that all of the quantities are periodic with pole pitch, which means:
Therefore, the general solutions of Equation (1), (2) and (6) are:
According to the multilayer model, the following boundary conditions are given:
where δ, c and h m are the air gap length, conductor plate thickness and height of the PMs, respectively. µ 0 is the air permeability, and µ r , µ m and µ c are the relative permeabilities of the primary core, PMs and conductor plate, respectively. There are six unknown constants and six boundary equations, therefore C 1n , D 1n , C 2n , D 2n , C 3n and D 3n can be calculated.
To calculate the air gap flux density, the following equations are used:
To verify the accuracy of the multilayer analytical model, the y-component and x-component of the air gap flux density are calculated by using Equations (15) and (16) and the FEM, respectively, as shown in Fig. 3 . The air gap flux density calculated by the multilayer analytical model is very close to that calculated by the FEM.
B. STATIC TRANSVERSE EDGE EFFECT ANALYSIS
Next, the static transverse edge effect of the eddy current brake is analyzed using the conformal transformation method. Because the magnetic permeability of the conductor plate is approximately equal to that of the air gap, the conductor plate is merged into the air gap.
To simplify the analysis, the following assumptions are made:
1) There is only the y-component of magnetic flux density in the air gap, the x-component of the air gap flux density is neglected. 2) Flux leakage of the PMs is neglected.
3) The permeability of the primary core is considered to be infinite. The modeling of the static transverse edge effect of the eddy current brake is shown in Fig. 4 . First, only one quarter of the eddy current brake is considered, because of the symmetry of the structure. Second, the z-y plane model is obtained by the previously stated assumptions. Then, the z-y plane model is transformed into the u-v plane model by using conformal transformation. Finally, the -plane model is obtained by using a second conformal transformation.
In the z-y plane model:
In the u-v plane model:
In the -plane model:
In the -plane model, the flux lines from the primary core to the centerline of the air gap are uniform. Since the flux line and the scalar magnetic potential are perpendicular, the value of the -coordinate can be considered as a scalar magnetic potential. The magnetic potential value of the primary core and the centerline of the air gap are set as 1 and 0, respectively.
To obtain the actual distribution of the magnetic flux lines, two conformal transformation functions are provided below.
The horizontal side of the primary core and the centerline of the air gap are parallel to each other, and both extend to negative infinity. Therefore, the two lines can be assumed to intersect in the negative infinity, and the angle, ABo can be assumed to be zero [27] . Based on the Schwarz-Christoffel transformation, the transformation relation between the z-y plane model and the u-v plane model are as follows:
where S 1 and K 1 are unknown constants. The points a, b, c and d in the u-v plane model are the projection points of A, B, C and D in the z-y plane model. Therefore, the following expression can be provided:
At point B, the span of the flux line from the primary core to the centerline of the air gap ρ is
The flux lines are semicircular in the u-v plane model. Therefore, in point b the path flux line from the primary core to the centerline of the air gap is as follows:
where θ gradually changes from π to 0.
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Substituting (24) into (19) ,
The unknown constants, S 1 and K 1 can be calculated using (22) , (23) and (25) . Therefore, the first conformal transformation function is:
Because of the semicircular flux lines in the u-v plane model, the logarithmic transformation is used, in the second conformal transformation.
The magnetic potential of the point a is 1 ; therefore, the following relational expression can be provided:
The second conformal transformation function is given as:
Now, it is possible to calculate the magnetic flux density in the u-v plane model by using the following formula:
The air gap flux density, B air , (ar point B) can then be calculated as:
Therefore, the magnetic flux density along the center line of the air gap can be provided as follows.
Substituting (16) into (31), the y-component of the magnetic flux density on the center plane of the air gap with a static transverse edge effect can be obtained:
The flux density of half of the center plane of the air gap is calculated by using (32), as shown in Fig. 5 .
It can be seen that the air flux density at the edge of the primary core decreases gradually along the z-axis, because of the static transverse edge effect.
For comparison, the air gap flux densities along the z-axis at different values of the x-coordinate are calculated using the analytical method (represented by curves) and FEM (represented by dots), as shown in Fig. 6 . Fig. 6 shows that the analytical method has a strong correlation with FEM, verifying the precision of the analytical method deduced in this section. The maximum deviation between the analytical method and the FEM occurs in the primary core edge region. This is due to the PM-end leakage flux that is neglected in the analytical method. 
IV. CALCULATION OF BRAKING FORCE
In this section, the following assumptions are made to calculate the braking force that is produced by the PM linear eddy current brake.
1) The primary core and conductor plate are considered to be infinitely long in the x-direction. 2) The PMs of the eddy current brake are replaced by infinitely thin linear current sheets backed by the primary core. These linear current sheets are chosen in such a way that they give the same magnetic field in the air gap as the PMs produced in the air gap.
3) The direction of infinitely thin linear current sheets is in the z -direction only. In the eddy current brake presented in this paper, the PMs are a magnetic source. There is no relative movement between the PMs and the primary iron core. Therefore, there are no eddy losses in the primary iron core. Moreover, because the magnetic field produced by the PMs is static, there is no magnetic hysteresis loss in the primary iron core. Therefore, the iron loss of the primary iron core is not considered.
An equivalent analysis model can be obtained, as shown in Fig. 7 . By taking into account the magnetic field in the overhang region of the conductor plate, the width of the primary core is extended in the equivalent analysis model. The extended width is the same as that of the conductor plate.
The expression of the infinitely thin linear current sheet is given by
where J n (z') is the amplitude of the harmonic. The MMF that is produced by the infinitely thin linear current sheet is
The conductor plate half is divided into r regions, as shown in Fig. 7 c) . It is assumed that the air gap flux density in Region m (m = 1, 2 . . . r) is unchanged. Therefore, the air gap magnetic flux density of the centerline of the air gap can be represented as:
The parameters in the above model are all periodic functions of the x-coordinate that can be represented as:
J mn = J mn x, z = J mn z e jkx (37)
where B myn (x, z') is the n-order harmonic amplitude of the air gap flux density in Region m, J mn (x, z') is the n-order harmonic amplitude of the linear current sheet in Region m, and j mz n (x,z') and j mxn (x, z') are the z'-component and x-component of the eddy currents in Region m, respectively. Based on assumption 2), the following expression can be obtained:
Because B myn is a periodic function of the x-coordinate, the above formula is simplified as:
According to the Ampere Loop Theorem, the following equation can be provided for the loop A'B'C'D' of the yoz' plane (Fig. 7 a) ):
Similarly, the following equation can be provided for a loop of the xoy plane.
Based on Faraday's Law, the field equation in the conductor plate is
where σ c is the conductivity of the conductor plate, and v is the speed. According to the law of conservation of current, the following equation can be obtained.
Substituting (44) into (43),
Taking the partial derivative of the above equation with respect to x,
Similarly, taking the partial derivative of (45) with respect to z
Substituting (48) into (47),
Taking the partial derivative of (42) with respect to x
Similarly, taking the partial derivative of (44) with respect to z
Substituting (52) into (51),
Taking the partial derivative of (45) with respect to x,
Substituting (54) into (53),
Taking into account the relationships in (45), the general solution of (49) and (55) 
In order to calculate the unknown constants S mn and R mn , the following boundary conditions are given.
Therefore, the eddy losses in the Region m are,
where p is the number of pole-pairs. It is possible to calculate the braking force as follows:
V. MODEL VALIDATION
To verify the effectiveness of the proposed analytical model, the results calculated by the analytical model are compared with the FEM calculation. The design parameters of the PM eddy current brake are shown in Tab. 1. The implemented 3D FEM model contains a mesh network number of 318255 nodes and 1372127 elements, as shown in Fig. 8 .
A. AIR GAP FLUX DENSITY
The magnetic field of the eddy current brake is calculated, as shown in Fig. 9 . It can be seen that the magnetic field concentrates on the air gap, and there is no saturation in the primary core.
To understand the impact of the reaction field due to the eddy currents on the performance of eddy current brakes, the y-component of the air gap flux density is calculated at different speeds by using the analytical model and FEM, as shown in Fig. 10 . The analytical results and the FEM simulations are observed to be consistent. By comparing Fig. 3 a) and Fig. 10 , it can be seen that the reaction field due to the eddy currents tilt the waveform of the air gap flux density, and the degree of tilt increases with increasing speed.
B. EDDY CURRENTS
The eddy currents in the conductor plate half are calculated by using the analytical model and the FEM, as shown in Fig. 11 . A close agreement between the analytical results and the FEM simulations can also be observed. Moreover, the amplitude of the eddy currents in the middle region of the conductor plate is obviously larger than in the side region of the conductor plate, and the distribution of the eddy currents are also tilted.
C. BRAKING FORCE
Finally, the braking force characteristic is calculated, as shown in Fig. 12 . It can be seen that, the analytical results with transverse edge effects are closer to the 3D-FEM simulations than they are for the dynamic transverse edge effect only. Therefore, it proved the necessity of considering the static transverse edge effect. The influence of the transverse edge effects can be observed by comparing the braking force of the 2D-FEM and that of the 3D-FEM. Because of the limitations of the 2D-FEM (such as the simplification of structure and eddy current paths), at low speeds, the braking force calculated by 2D-FEM is higher than that calculated by 3D-FEM, and vice versa. The influence worsens with the decrease of the ratio of the PM length and the pole pitch. The proportion of the z-component of the eddy currents decreases with the ratio of the PM length and the pole pitch; therefore, the error between the 2D and 3D FEM increases with the ratio. The braking force calculated by three different methods are given, as shown in Table 2 .
It is worth stressing that the results calculated by the analytical model presented in this paper are very close to those obtained by the 3D FEM, rather than the 2D FEM. This is one of the most remarkable properties of the analytical model. However, the normal force cannot be calculated by using the analytical model because the x-component of the air gap flux is neglected in the analytical model.
The prototype of the PM eddy current brake presented in this paper has not been performed, because the structure is very simple and there are no special process requirements. Therefore, the veracity of the 3D FEM is sufficient to verify the analytical model.
VI. CONCLUSION
In this paper, the analytical model of a PM eddy current brake with transverse edge effects is researched. The air gap magnetic field with a static transverse edge effect is analyzed by using the multilayer model and the conformal transformation method. The braking force and the eddy current distribution with the dynamic transverse edge effect are directly analyzed, instead of calculating the eddy currents equivalently using the Russell-Norsworthy factor. Therefore, the eddy current distribution in the conductor plate and the braking force with actual 3D structure of the eddy current brake can be directly calculated using the analytical model presented in this paper. The analytical model has a strong correlation with the 3D FEM; therefore, it can be used as a preliminary design tool for eddy current brakes.
